Holomorphic Campanato Spaces on the Unit Ball by Wang, Jianfei & Xiao, Jie
ar
X
iv
:1
40
5.
61
92
v1
  [
ma
th.
CV
]  
23
 M
ay
 20
14
HOLOMORPHIC CAMPANATO SPACES ON THE UNIT BALL
JIANFEI WANG AND JIE XIAO
Abstract. As outlined below, this paper is devoted to a Carleson-type-measure-based study of the
holomorphic Campanato 2-space on the open unit ball Bn of Cn, comprising all Hardy 2-functions
whose oscillations in non-isotropic metric balls on the compact unit sphere Sn are proportional to
some power of the radius other than the dimension n ≥ 1.
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Introduction
For n ∈ Z+ = {1, 2, 3, ...} let
Bn =
{
(z1, ..., zn) ∈ Cn :
n∑
j=1
|z j|2 < 1
}
& Sn =
{
(z1, ..., zn) ∈ Cn :
n∑
j=1
|z j|2 = 1
}
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2 JIANFEI WANG AND JIE XIAO
be the open unit ball and the compact unit sphere in the complex n-space Cn respectively. If σ
stands for the normalized, rotation invariant measure on Sn, then H2 represents the Hardy 2-space
of all holomorphic functions on Bn such that
‖ f ‖H2 = sup
r∈(0,1)
(∫
Sn
| f (rζ)|2 dσ(ζ)
) 1
2
< ∞.
As is well-known, f ∈ H2 ensures that
f (ζ) = limr→1 f (rζ) exists a.e. for ζ ∈ Sn
&
‖ f ‖H2 =
(∫
Sn
| f (ζ)|2 dσ(ζ)
) 1
2
,
and thus H2 can be identified with a closed subspace of the Lebesgue 2-space L2(Sn, σ).
For s ∈ (−1, n2 ] letHCs be the Campanato 2-space of all holomorphic functions f ∈ H2 obeying
‖ f ‖HCs = ‖ f ‖H2 + sup
Q(ζ,r)
(
r2s−n
∫
Q(ζ,r)
| f (ξ) − fQ(ζ,r)|2 dσ(ξ)
) 1
2
< ∞,
where the supremum is taken over all non-isotropic metric balls on Sn
Q(ζ, r) = {ξ ∈ Sn : |1 − 〈ζ, ξ〉| < r}
and
fQ(ζ,r) =
∫
Q(ζ,r)
f (ξ) dσ(ξ)
σ(Q(ζ, r)) .
It is not hard to see that HCs becomes a Banach space under the norm ‖ . ‖HCs and enjoys the
following structure table (see, e.g. [9, 10, 14, 23, 25] and [27, p. 209-217] for the real counterparts
which are often used in the theory of elliptic partial differential equations):
Index s Holomorphic Campanato Space HCs
s ∈ (−1, 0) Analytic Lipschitz Space A−s
s = 0 Analytic John-Nirenberg Space BMOA
s ∈ (0, n/2) Holomorphic Morrey Space HMs
s = n/2 Holomorphic Hardy Space H2
When n = 1, some fundamental function/operator-theoretic properties of HCs have been dis-
covered in [29, 41, 43, 46, 49, 50]. However, when n > 1, as far as we know, there is only one
paper partially touching this holomorphic space - more precisely - [11] has established the corona
and multiplication theorems for HCs under s ∈ (0, n/2) extending the cases s ∈ (−1, 0) (cf. [26];
s = 0 (cf. [6, 31]); s = n/2 (cf. [4, 5]). In light of complex analysis and geometric measure theory,
such a higher-dimensional situation is important, interesting, and worth further investigation. This
has actually motivated us to carry out this study via the forthcoming five sections. §1 provides
basic notations and descriptions of the modified Carleson measures. In §2 we employ the modi-
fied Carleson measures to characterize HCs by means of the Mo¨bius transforms and four types of
gradients. §3 interprets HCs using the holomorphic Q-class and its atomic decomposition (via a
fractional differentiation), and §4 discusses the Gleason problem for HCs through the canonical
example and growth. Finally, in §5, we deal with the Carleson problem for HCs, namely, decide
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geometrically how HCs embeds continuously into a more general non-isotropic tent space, and
consequently describe when the Riemann-Stieltjes operator is continuous on HCs.
1. Preliminaries
1.1. Basic notations. Throughout this paper, we make the following conventions.
• For the finite complex plane C denote by Cn the Hilbert space of all points z = (z1, ..., zn) ∈
C × · · · × C equipped with standard inner product
〈z,w〉 =
n∑
i=1
ziw¯i ∀ z = (z1, ..., zn) & w = (w1, ...,wn) ∈ Cn
and the associated norm |z| = 〈z, z〉 12 .
• Recall
Bn = {z ∈ Cn : |z| < 1} & Sn = {z ∈ Cn : |z| = 1}.
Denote by ν and σ the volume measure on Bn normalized so that ν(Bn) = 1 and the
surface-area measure on Sn normalized so that σ(Sn) = 1, respectively.
• For each a ∈ Bn, suppose that ϕa(z) is the Mo¨bius automorphism of Bn satisfying
ϕa(0) = a, ϕa(a) = 0 & ϕa(ϕa(z)) = z.
If Aut(Bn) stands for the group of all biholomorphic automorphisms of Bn, then an appli-
cation of [38, Theorem 2.2.2] derives
1 − |ϕa(z)|2 = (1 − |a|
2)(1 − |z|2)
|1 − 〈z, a〉|2 .
• Let H(Bn) be the set of all holomorphic functions on Bn. For f ∈ H(Bn), set
∇ f = ( ∂ f
∂z1
, ...,
∂ f
∂zn
) & R f (z) =
n∑
k=1
zk
∂ f
∂zk
(z)
be the complex gradient and the radial derivative of f respectively. Upon write
dλ(z) = dν(z)(1 − |z|2)n+1
for the Mo¨bius invariant measure in Bn, one has∫
Bn
f (z)dλ(z) =
∫
Bn
f ◦ ψ(z)dλ(z) ∀ f ∈ H(Bn) & ψ ∈ Aut(Bn).
• For f ∈ H(Bn), let ˜∇ f (z) = ∇( f ◦ϕz(0)) be the invariant gradient of f . Then for f ∈ H(Bn),
using a direct computation we have by [54, p. 49])
| ˜∇ f (z)|2 = (1 − |z|2)(|∇ f |2 − |R f (z)|2) = 1
4
˜∆| f |2(z).
and
(1 − |z|2)|R f (z)| ≤ (1 − |z|2)|∇ f | ≤ | ˜∇ f (z)|.
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• For the Kronecker delta δi, j, let
˜∆u(z) = 4(1 − |z|2)
n∑
i, j=1
(δi, j − z¯iz j)∂
2u(z)
∂zi∂z¯ j
be the invariant Laplace operator of u. Associated with the fundamental solution of this
operator is the Green function below:
G(z) = n + 1
2n
∫ 1
|z|
(1 − t2)n−1t1−2n dt.
Clearly,
G(z) ≈ (1 − |z|2)n as |z| → 1−.
Upon putting 
G(z, a) = G(ϕa(z)) ∀ z, a ∈ Bn;
P(z, ω) = (1−|z|2)n|1−〈z,ω〉|2n ∀ z, ω ∈ Bn,
one has that if f ∈ H2, then it follows from [31, Lemma 2.10] or [54, Theorem 4.23] that∫
Sn
| f (ζ) − f (0)|2dσ(ζ) ≈
∫
Bn
| ˜∇ f (z)|2(1 − |z|2)ndλ(z),
and consequently for ϕa ∈ Aut(Bn),∫
Sn
| f ◦ ϕa(ζ) − f (a)|2dσ(ζ) ≈
∫
Bn
| ˜∇ f (z)|2(1 − |ϕa(z)|2)n λ(z).
• For a multi-index m = (m1, ...,mn) and f ∈ H(Bn), set
|m| = m1 + · · ·mn;
zm = zm11 · · · zmnn ;
∂m f = ∂|m| f
∂z
m1
1 ···∂z
mn
n
.
• In the above and below, X . Y or X & Y represents X ≤ κY or X ≥ κY for some constant
κ > 0. Similarly, the notation X ≈ Y means both X . Y and X & Y hold.
1.2. Modified Carleson measures.
Definition 1.1. For p > 0 and ζ ∈ Sn, we say that a positive Borel measure µ onBn is a p-Carleson
measure, denoted µ ∈ CMp, if
‖µ‖CMp = sup
Qr(ζ)
(
µ(Qr(ζ))
rnp
) 1
2
< ∞,
where the supremun is taken over all Carleson tubes
Qr(ζ) = {z ∈ Bn : |1 − 〈z, ζ〉| < r}.
In particular, 1-Carleson measure is the classical Carleson measure. Moreover, it is easy to
see that every p-Carleson measure must be finite, and a finite positive measure µ is a p-Carleson
measure if and only if
sup
{
µ(Qr(ζ))
rnp
: ζ ∈ Sn, 0 < r < δ
}
< ∞
holds for any given positive constant δ ≤ 1.
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Lemma 1.2. Let p, q ∈ (0,∞) and µ be a positive Borel measure on Bn. Then µ ∈ CMp if and
only if
‖µ‖CMp,q = sup
z∈Bn
(∫
Bn
(1 − |z|2)nq
|1 − 〈z, ω〉|n(p+q) dµ(ω)
) 1
2
< ∞.
Proof. First suppose ‖µ‖CMp,q < ∞. For any ζ ∈ Sn and 0 < r < 1 we take the point z = (1 − r)ζ.
Note that
1 − 〈z, ω〉 = (1 − r)(1 − 〈ζ, ω〉) + r,
so
|1 − 〈z, ω〉| ≤ (1 − r)r + r < 2r ∀ ω ∈ Qr(ζ).
This implies
(1 − |z|2)nq
|1 − 〈z, ω〉|n(p+q) ≥
rnq
(2r)n(p+q) &
1
rnp
∀ ω ∈ Qr(ζ),
and then
‖µ‖2CM p,q ≥
∫
Qr(ζ)
(1 − |z|2)nq
|1 − 〈z, ω〉|n(p+q) dµ(ω) &
µ(Qr(ζ))
rnp
.
Consequently, µ ∈ CMp.
Next, assume µ ∈ CMp. Since µ is finite, we have
sup
|z|≤ 34
∫
Bn
(1 − |z|2)nq
|1 − 〈z, ω〉|n(p+q) dµ(ω) . µ(Bn) . ‖µ‖
2
CMp < ∞.
If 34 < |z| < 1, then choosing 
k ∈ Z+;
ζ = z/|z|;
rk = 2k+1(1 − |z|);
E0 = Qr0(ζ);
Ek = Qrk (ζ) \ Qrk−1 ,
and using µ ∈ CMp we obtain
µ(Ek) ≤ µ(Qrk (ζ)) . 2n(k+1)p(1 − |z|)np‖µ‖2CMp .
and
|1 − 〈z, ω〉| ≥ |z‖1 − 〈ζ, ω〉| − (1 − |z|) ≥ 2k−1(1 − |z|). ∀ ω ∈ Ek,
whence∫
Ek
(1 − |z|2)nq
|1 − 〈z, ω〉|n(p+q) dµ(ω) .
(1 − |z|)nq(
2k−1(1 − |z|))n(p+q)
(
2n(k+1)p(1 − |z|)np)‖µ‖2CMp .
‖µ‖2CMp
2nqk
.
This last estimate gives
‖µ‖2CM p,q = sup
z∈Bn

∫
E0
+
∞∑
k=1
∫
Ek
 (1 − |ω|
2)nq
|1 − 〈z, ω〉|n(p+q) dµ(ω) . ‖µ‖
2
CMp
∞∑
k=0
2−nqk < ∞.

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Lemma 1.3. [31] Let s > −1, r, t ≥ 0 and r + t − s > n + 1. Then we have
∫
Bn
(1 − |ζ |2)s
|1 − z ¯ζ′|r|1 − ω ¯ζ′|t dv(ζ) .

|1 − ωz¯′|s+n+1−r−t if r − s, t − s < n + 1;
(1−|z|2)s+n+1−r
|1−ωz¯′|t if t − s < n + 1 < r − s;
(1−|z|2)s+n+1−r
|1−ωz¯′|t +
(1−|ω|2)s+n+1−t
|1−ωz¯′ |r if r − s, t − s > n + 1.
Some essential descriptions of HCs presented later, depend heavily on the following general
invariance for the modified Carleson measures.
Theorem 1.4. Suppose 
p, η ∈ (0, n+1
n
);
a > max
{ − 1+η2 ,−1+η+n(1−p)2 };
b > 1+η2 .
For any Lebesgue measurable function f on Bn let
Ta, b f (z) =
∫
Bn
(1 − |ω|2)b−1
|1 − 〈z, ω〉|n+a+b f (ω)dv(ω) ∀ z ∈ Bn.
If | f (z)|2(1 − |z|2)ηdv(z) belongs to CMp, then |Ta,b f (z)|2(1 − |z|2)2a+ηdv(z) also belongs to CMp.
Proof. Set
dµ f ,η(z) = | f (z)|2(1 − |z|2)ηdv(z) & dµTa,b f ,η(z) = |Ta, b f (z)|2(1 − |z|2)2a+ηdv(z).
It is enough to prove
‖µ f ,η‖CMp < ∞⇒ ‖µTa,b f ,η‖CMp < ∞.
To do so, let δ > 0, ζ ∈ Sn and k ∈ Z+ such that 2kδ ≤ 1. Then, for the Carleson tube
Qδ(ζ) = {z ∈ Bn : |1 − 〈z, ζ〉| < δ},
we have
µTa,b f ,η(Qδ(ζ)) =
∫
Qδ(ζ)
|Ta,b f (z)|2(1 − |z|2)2a+η dν(z)
=
∫
Qδ(ζ)
(
(
∫
Q2δ(ζ)
+
∫
Bn\Q2δ(ζ)
) | f (ω)|(1 − |ω|
2)b−1
|1 − 〈z, ω〉|n+a+b dν(ω)
)2
(1 − |z|2)2a+η dν(z)
.
∫
Qδ(ζ)
(∫
Q2δ(ζ)
| f (ω)|(1 − |ω|2)b−1
|1 − 〈z, ω〉|n+a+b dν(ω)
)2
(1 − |z|2)2a+η dν(z)
+
∫
Qδ(ζ)
(∫
Bn\Q2δ(ζ)
| f (ω)|(1 − |ω|2)b−1
|1 − 〈z, ω〉|n+a+b dν(ω)
)2
(1 − |z|2)2a+η dν(z)
≡ Int1 + Int2.
For Int1, let
k(z, ω) = (1 − |z|
2)a+ η2 (1 − |ω|2)b−1− η2
|1 − 〈z, ω〉|n+a+b
and T be its induced integral operator:
T f (z) =
∫
Bn
f (ω)k(z, ω)dν(ω).
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Then, upon choosing
max
{
− a − η
2
− 1,−b + η
2
}
< γ < min
{
a +
η
2
, b − 1 − η
2
}
and employing Lemma 1.3, we get
∫
Bn
k(z, ω)(1 − |ω|2)γdν(ω) . (1 − |z|2)γ;∫
Bn
k(z, ω)(1 − |z|2)γdν(z) . (1 − |ω|2)γ.
Therefore, we apply the Schur’s test [54, Theorem 2.9] to get that T is bounded onL2(Bn). Choos-
ing
g(ω) = (1 − |ω|2) η2 f (ω)1Q2δ(ζ)(ω)
where 1Q2δ(ζ)(ω) is the characteristic function of Q2δ(ζ), we employ the boundedness of T and
µ f ,η ∈ CMp to get
Int1 .
∫
Bn
(∫
Bn
g(ω)k(z, ω)dν(ω)
)2
dν(z) .
∫
Bn
|g(z)|2dν(z) . δnp‖µ f ,η‖2CMp .
For Int2, let
A j = {ω ∈ Bn : 2 jδ ≤ |1 − 〈ω, ζ〉| < 2 j+1δ} ∀ j ∈ Z+.
Note that z ∈ A j and ω ∈ Qδ(ζ) ensure
|1 − 〈ω, z〉| 12 ≥ |1 − 〈z, ζ〉| 12 − |1 − 〈ω, ζ〉| 12 ≥ (2 j2 − 1)δ 12 ≥ 1
2
(
√
2 − 1)2 j2 δ 12 ,
where the first triangle inequality is from [38, p.66]. Note that∫
Qδ(ζ)
(1 − |z|2)2a+ηdν(z) . δ2a+η+n+1 & Bn \ Q2δ(ζ) = ∪∞j=1A j.
So, using a > −1+η+n(1−p)2 , p ∈ (0, n+1n ) and the Ho¨lder inequality, we get
Int2 .
∫
Qδ(ζ)

∞∑
j=1
∫
A j
| f (ω)|(1 − |ω|2)b−1
|1 − 〈z, ω〉|n+a+b dν(ω)

2
dν(z)
(1 − |z|2)−2a−η
.
∫
Qδ(ζ)

∞∑
j=1
(2 jδ)−(n+a+b)
∫
Q2 j+1δ(ζ)
| f (ω)|
(1 − |ω|2)1−b dν(ω)

2
dν(z)
(1 − |z|2)−2a−η
. δ1+η−n−2b

∞∑
j=1
2− j(n+a+b)
[∫
Q2 j+1δ(ζ)
| f (ω)|2(1 − |ω|2)ηdν(ω)
] 1
2
[∫
Q2 j+1δ(ζ)
(1 − |ω|2)2b−2−η dν(ω)
]− 12

2
. δ1+η−n−2b

∞∑
j=1
2− j(n+a+b)(2 jδ) np2 (2 jδ) 2b+n−η−12 ‖µ‖CMp

2
. δnp

∞∑
j=1
2− j(
1+η+n−np
2 +a)

2
‖µ‖2CMp
. δnp‖µ‖2CMp .
The foregoing estimates for Int1 and Int2 imply that µTa,b f ,η ∈ CMp. 
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2. Fundamental characterizations
2.1. Via Mo¨bius transforms. Fundamentally, we would first like to know:
What is the behavior of a function in HCs under the Mo¨bius self-mappings of Bn ?
The following characterization of HCs shows that this space is not Mo¨bius-invariant unless
s = 0.
Theorem 2.1. Let f ∈ H2 and s ∈ (−12 , n2]. Then the following statements are equivalent:(i) f ∈ HCs.
(ii) ‖ f ‖HCs,∗ = sup
a∈Bn
(1 − |a|2)s‖ f ◦ ϕa − f (a)‖H2 < ∞.
(iii) ‖ f ‖HCs,⋆ = sup
a∈Bn
(
(1 − |a|2)2s
∫
Bn
| ˜∇ f (z)|2G(z, a)dλ(z)
) 1
2
< ∞.
Proof. (i)⇔(ii) This is handled in accordance with three cases below.
Case 1. s ∈ (−12 , 0). If f ∈ HCs = A−s, using [54, Theorem 7.2] we then see that
f ∈ HCs ⇔ ‖| f ‖|HCs,∗ = sup
a∈Bn
(1 − |z|2)s| ˜∇ f (z)| < ∞.
According to those two integral formulas linking f and ˜∇ f listed in the sixth bullet of §1.1 and
Lemma 1.3 or [38, Proposition 1.4.10], we have
‖ f ‖2HCs,∗ = sup
a∈Bn
(1 − |a|2)2s‖ f ◦ ϕa − f (a)‖2H2
≈ sup
a∈Bn
(1 − |a|2)2s
∫
Bn
| ˜∇ f (z)|2(1 − |ϕa(z)|2)ndλ(z)
. ‖| f ‖|2HCs,∗ sup
a∈Bn
∫
Bn
(1 − |a|
2
1 − |z|2 )
2s(1 − |ϕa(z)|2)ndλ(z)
. ‖| f ‖|2HCs,∗ sup
a∈Bn
∫
Bn
(1 − |a|2)n+2s(1 − |z|2)(−1−2s)
|1 − 〈a, z〉|n+1+(−1−2s)+n+2s dν(z)
. ‖| f ‖|2HCs,∗.
Conversely, if ‖ f ‖HCs,∗ < ∞, setting g = f ◦ ϕa − f (a), then it is easy to show
| ˜∇ f (a)| = |∇g(0)|
≤
(∫
Sn
|g(ζ) − g(0)|2dσ(ζ)
) 1
2
=
(∫
Sn
| f ◦ ϕa(ζ) − f (a)|2dσ(ζ)
) 1
2
= ‖ f ◦ ϕa − f (a)‖H2 .
Hence
sup
a∈Bn
(1 − |a|2)s| ˜∇ f (a)| ≤ sup
a∈Bn
(1 − |a|2)s‖ f ◦ ϕa − f (a)‖H2 = ‖ f ‖HCs,∗ < ∞
whence f ∈ A−s = HCs.
HOLOMORPHIC CAMPANATO SPACES ON THE UNIT BALL 9
Case 2. s ∈ [0, n2 ). Given a ∈ Bn. If |a| ≤ 34 , then ‖ f ‖HCs,∗ < ∞ follows by f ∈ H2. Hence we
need only consider a ∈ Bn with |a| > 34 . To this end, let
Qk = Q(a/|a|, 4k(1 − |a|)) =
{
ξ ∈ Sn : |1 − 〈ξ, a/|a|〉| < 4k(1 − |a|)
}
for k = 0, 1, ...,N, where N is the smallest natural number such that QN = Sn. When k ≥ 1 and
ζ ∈ Qk \ Qk−1, according to
1 − 〈a, ζ〉 = 1 − |a| + |a|(1 − 〈a/|a|, ζ),
we obtain
|1 − 〈a, ζ〉| ≈ 4k(1 − |a|) & σ(Qk+1) ≈ σ(Qk) ≈ 4nk(1 − |a|)n.
Since
f (a) =
∫
Sn
f (ζ)P(a, ζ)dσ(ζ)
and
∫
Sn
| f (ζ) − fQ0 |2P(a, ζ)dσ(ζ) =
∫
Sn
| f (ζ) − f (a)|2P(a, ζ)dσ(ζ) + | f (a) − fQ0 |2,
it follows that
‖ f ◦ ϕa − f (a)‖2H2 =
∫
Sn
| f ◦ ϕa(ζ) − f (a)|2dσ(ζ)
=
∫
Sn
| f (ζ) − f (a)|2P(a, ζ)dσ(ζ)
≤
∫
Sn
| f (ζ) − fQ0 |2P(a, ζ)dσ(ζ)
=
∫
Sn
| f (ζ) − fQ0 |2
(1 − |a|2)n
|1 − 〈a, ζ〉|2n dσ(ζ)
.

∫
Q0
+
N−1∑
k=0
∫
Qk+1\Qk
 | f (ζ) − fQ0 |2 (1 − |a|
2)n
|1 − 〈a, ζ〉|2n dσ(ζ)
. (1 − |a|2)−n

∫
Q0
+
N−1∑
k=0
∫
Qk+1\Qk
4−2nk
 | f (ζ) − fQ0 |2dσ(ζ)
.
∫
Q0
| f (ζ) − fQ0 |2
dσ(ζ)
σ(Q0) +
N−1∑
k=0
4−nk
∫
Qk+1
| f (ζ) − fQ0 |2
dσ(ζ)
σ(Qk+1) .
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From the Cauchy-Schwarz inequality and f ∈ HCs it follows that
| fQk+1 − fQk | =
1
σ(Qk)
∣∣∣∣∣∣
∫
Qk
( f (ζ) − fQk+1)dσ(ζ)
∣∣∣∣∣∣
.
(
1
σ(Qk)
∫
Qk
| f (ζ) − fQk+1 |2dσ(ζ)
) 1
2
.
(
1
σ(Qk+1)
∫
Qk+1
| f (ζ) − fQk+1 |2dσ(ζ)
) 1
2
. 2−n(k+1)(1 − |a|)− n2 2(k+1)(n−2s)(1 − |a|) n−2s2 ‖ f ‖HCs
. 4−(k+1)s(1 − |a|)−s‖ f ‖HCs
. (1 − |a|)−s‖ f ‖HCs ,
and so that
| fQk+1 − fQ0 | . | fQk+1 − fQk | + · · · + | fQ1 − fQ0 | . k(1 − |a|)−s‖ f ‖HCs .
Consequently,∫
Qk+1
| f (ζ) − fQ0 |2
dσ(ζ)
σ(Qk+1) .
∫
Qk+1
| f (ζ) − fQk+1 |2
dσ(ζ)
σ(Qk+1) + | fQk+1 − fQ0 |
2
. k2(1 − |a|)−2s‖ f ‖2HCs .
This implies
‖ f ‖HCs,∗ = sup
a∈Bn
(1 − |a|2)s‖ f ◦ ϕa − f (a)‖H2 . ‖ f ‖HCs < ∞.
On the other hand, if ‖ f ‖HCs,∗ < ∞, then for any given (ζ, r) ∈ Sn × (0, 1), we take
a = (1 − r)ζ & Q(ζ, r) = {ξ ∈ Sn : |1 − 〈ζ, ξ〉| < r},
thereby estimating
r2s−n
∫
Q(ζ,r)
| f (ξ) − fQ(ζ,r)|2 dσ(ξ)
. (1 − |a|2)2s−n
∫
Q(ζ,r)
| f (ξ) − f (a)|2 dσ(ξ)
. (1 − |a|2)2s
∫
Q(ζ,r)
| f (ξ) − f (a)|2 (1 − |a|
2)n
|1 − 〈a, ξ〉|2n dσ(ξ)
. (1 − |a|2)2s
∫
Sn
| f (ξ) − f (a)|2 (1 − |a|
2)n
|1 − 〈a, ξ〉|2n dσ(ξ)
≈ (1 − |a|2)2s
∫
Sn
| f ◦ ϕa(ξ) − f (a)|2 dσ(ξ)
. ‖ f ‖2HCs,∗.
Thus ‖ f ‖HCs < ∞.
Case 3: s = n2 . If
sup
a∈Bn
(1 − |a|2)2s‖ f ◦ ϕa − f (a)‖2H2 < ∞,
then
‖ f ‖H2 . | f (0)| + ‖ f − f (0)‖H2 < ∞.
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Conversely, if f ∈ H2, then an application of
‖ f ◦ ϕa − f (a)‖2H2 =
∫
Sn
| f ◦ ϕa(ζ) − f (a)|2dσ(ζ) ≈
∫
Bn
| ˜∇(z)|2(1 − |ϕa(z)|2)ndλ(z) ∀ a ∈ Bn
derives
sup
a∈Bn
(1 − |a|2)n‖ f ◦ ϕa − f (a)‖2H2
≈ sup
a∈Bn
(1 − |a|2)n
∫
Bn
| ˜∇ f (z)|2(1 − |ϕa(z)|2)ndλ(z)
≈ sup
a∈Bn
∫
Bn
| ˜∇ f (z)|2(1 − |z|2)n (1 − |a|
2)2n
|1 − 〈a, z〉|2n dλ(z)
.
∫
Bn
| ˜∇ f (z)|2(1 − |z|2)ndλ(z)
≈ ‖ f − f (0)‖2H2 . | f (0)|2 + ‖ f ‖2H2 < ∞.
(ii)⇔(iii) This is a consequence of the above-verified equivalence (i)⇔(ii) and the well-known
estimate ∫
Bn
| ˜∇ f (z)|2G(z, a)dλ(z) ≈
∫
Sn
| f ◦ ϕa(ζ) − f (a)|2dσ(ζ).

2.2. Via four different gradients. Based on Theorem 2.1 and the modified Carleson measures,
the following assertion reveals four gradient behaviors of HCs.
Theorem 2.2. Let f ∈ H2 and s ∈ (−12 , n2). Then the following statements are equivalent:(i) f ∈ HCs.
(ii) | ˜∇ f (z)|(1 − |z|2)−1dν(z) belongs to CM1− 2s
n
.
(iii) |∇ f (z)|2(1 − |z|2)dν(z) belongs to CM1− 2sn .
(iv) |R f (z)|2(1 − |z|2)dν(z) belongs to CM1− 2s
n
.
(v) ∑i< j |Ti, j f (z)|2dν(z) belongs to CM1− 2s
n
where Ti, j = z¯ j ∂ f∂zi − z¯i
∂ f
∂z j
.
Proof. The argument is divided into four steps below.
Step 1: Note that
(1 − |a|2)2s‖ f ◦ ϕa − f (a)‖2H2
≈ (1 − |a|2)2s
∫
Bn
| ˜∇ f (z)|2(1 − |φa(z)|2)ndλ(z)
≈ (1 − |a|2)2s
∫
Bn
( | ˜∇ f (z)|2
(1 − |z|2)n+1
)( (1 − |a|2)n(1 − |z|2)n
|1 − 〈a, z〉|2n
)
dν(z)
≈
∫
Bn
( | ˜∇ f (z)|2
1 − |z|2
)( (1 − |a|2)n+2s
|1 − 〈a, z〉|2n
)
dν(z)
≈
∫
Bn
( | ˜∇ f (z)|2
1 − |z|2
)( (1 − |a|2)n(1+ 2sn )
|1 − 〈a, z〉|n((1+ 2sn )+(1− 2sn ))
)
dν(z).
An application of Theorem 2.1 implies that (i) and (ii) are equivalent.
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Step 2: It is easy to see that both (ii)⇒(iii) and (iii)⇒ (iv) hold.
Step 3: Assume (iv) hods. Notice that
f (z) − f (0) =
∫ 1
0
d f (tz)
dt dt =
∫ 1
0
R f (tz)
t
dt.
Hence
Ti, j f (z) =
∫ 1
0
(Ti, jR f )(tz)
t
dt.
To prove that ∑i< j |Ti, j f (z)|2dν(z) belongs to CM1− 2s
n
, it is sufficient to prove

∫ 1
1
2
|(Ti, jR f )(tz)|dt

2
dλ(z) ∈ CM1− 2s
n
∀ 1 ≤ i, j ≤ n.
For any α > 0, according to [22, p.3374], we get∫ 1
1
2
|(Ti, jR f )(tz)|dt ≤
∫ 1
0
|(Ti, jR f )(tz)|dt .
∫
Bn
(1 − |z|2)α|(R f )(z)|
|1 − 〈ω, z〉|n+α+ 12
dν(z).
Theorem 1.4 is used to show that 
∫ 1
1
2
|(Ti, jR f )(tz)|dt

2
dλ(z)
belongs to CM1− 2s
n
by taking b = 1 + α, η = 1 and a = −12 . This in turns proves that∑
i< j
|Ti, j f (z)|2dν(z)
belongs to CM1− 2s
n
. Thus (v) holds.
Step 4: Now, if (v) holds, then applying [19, Lemma 2] or [22, Lemma 2.3], and the equality in
[22, Lemma 2.2]:
|z|2| ˜∇ f (z)|2 = (1 − |z|2)
(1 − |z|2)|R f (z)|2 +
∑
i< j
|Ti, j f (z)|2
 ,
we have that (i) holds.

3. Mo¨bius invariant counterpart
3.1. Relationship to Qp. Observe that Theorem 2.1 tells us that ‖ · ‖HCs varies under the Mo¨bius
self-mappings of Bn unless s = 0. So, it is very natural to ask the following question:
What is the Mo¨bius invariant counterpart of HCs for each s , 0 ?
Fortunately, answering this question leads to a consideration of the so-called holomorphic Qp-
spaces with p > 0 (cf. [32]):
Qp =
 f ∈ H(Bn) : ‖ f ‖Qp = supω∈Bn
(∫
Bn
|∇ f (z)|2Gp(z, ω)dν(z)
) 1
2
< ∞
 ,
whose one-dimensional case goes back to [7] (cf. [13, 44, 46]). Clearly, each Qp is Mo¨bius
invariant. More importantly, Qp enjoys the following structure table:
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Index p Space Qp
0 < p ≤ n−1
n
C
n−1
n
< p < 1 Qp with fractional scale
p = 1 Analytic John-Nirenberg space BMOA [12]
1 < p < n
n−1 Bloch space [32]
p ≥ n
n−1 C
Comparing this table and the structure table ofHCs, and taking [43] (for n = 1) into an account,
we ask ourselves whether there is any connection between HCs and Qp under n ≥ 2. To treat this
question, let us recall the concept of the fractional derivatives.
Suppose that f ∈ H(Bn) has the homogeneous expansion
f (z) =
∞∑
k=0
fk(z).
For such real parameters α and t that neither n + α nor n + α + t is a negative integer, the radial
fractional derivative is defined below:
Rα,t f (z) =
∞∑
k=0
Γ(n + 1 + α)Γ(n + 1 + k + α + t)
Γ(n + 1 + α + t)Γ(n + 1 + k + α) fk(z),
where Γ(·) is the classical gamma function. Then, Rα,t exists as an operator mapping H(Bn) to
H(Bn), and its inverse Rα,t is determined by:
Rα,t f (z) =
∞∑
k=0
Γ(n + 1 + α + t)Γ(n + 1 + k + α)
Γ(n + 1 + α)Γ(n + 1 + k + α + t) fk(z).
In particular,
Rα,0 ≡ I & Rα,t1 ◦ Rα+t1 ,t2 = Rα,t1+t2 .
An application of Stirling’s formula yields that
Γ(n + 1 + α)Γ(n + 1 + k + α + t)
Γ(n + 1 + α + t)Γ(n + 1 + k + α) ≈ k
t,
and so that
Rα,t f (z) & Rα,t f (z)
can be replaced by
∞∑
k=0
kt fk(z) &
∞∑
k=0
k−t fk(z),
respectively.
Theorem 3.1. Let s ∈ (−12 , 12), t ∈ (0,∞) and f ∈ H(Bn). If neither n+α nor n+α+ t is a negative
integer, then the following three statements are equivalent:
(i) f ∈ HCs.
(ii) For any t > max{0,−s}, the measure |Rα,t f (z)|2(1 − |z|2)2t−1dν(z) belongs to CM1− 2s
n
.
(iii) Rα,−s f ∈ Q1− 2s
n
.
14 JIANFEI WANG AND JIE XIAO
Proof. The argument is divided into the following two steps.
Step 1: (i)⇔(ii). According to Theorem 2.2, one has
f ∈ HCs ⇔ |R f (z)|2(1 − |z|2)dν(z) ∈ CM1− 2s
n
.
This means that (ii)⇒(i) is trivial. Conversely, suppose that (i) is valid. Then we use [8] and [21]
to get
|Rα,t f (z)| .
∫
Bn
|R f (ω)|(1 − |ω|2)b−1
|1 − 〈z, ω〉|n+b+(t−1) dν(ω) as (t, b) ∈ (0, 1) × (0,∞).
In view of Theorem 1.4, it follows that
|Rα,t f (z)|2(1 − |z|2)2t−1dν(z) ∈ CM1− 2s
n
by setting η = 1, a = t − 1 and p = 1 − 2s
n
. When t > 1, a slight modification of the proof of [21,
Theorem 1] derives that
|Rα,t f (z)|2(1 − |z|2)2t−1dν(z) ∈ CM1− 2s
n
.
Thus (ii) holds.
Step 2: (i)⇔(iii). Step 1 indicates
f ∈ HCs ⇔ |Rα,t f (z)|2(1 − |z|2)2t−1dν(z) ∈ CM1− 2s
n
.
Taking t = 1 − s we obtain
2t − 1 = 1 − 2s = 1 + n[(1 − 2s
n
) − 1].
By applying [28, Corollary 3.2] to p = 1 − 2s
n
and m = 1, we can show
f ∈ HCs ⇔ Rα,−s f ∈ Q1− 2s
n
.
Thus (iii)⇒(i) follows.
Conversely, suppose that (i) is true. Thanks to (i)⇔(ii) we get
Rα,s f ∈ HCs ⇔ |Rα,t ◦ Rα+t,s f (z)|2(1 − |z|2)2t−1dν(z) ∈ CM1− 2s
n
.
Note that
Rα,t ◦ Rα+t,s = Rα,t+s.
So, setting t = 1−s, along with [28, Corollary 3.2], we have f ∈ Q1− 2s
n
, whence validating (iii). 
Remarkably, HCs is isomorphic to Q1− 2s
n
via a fractional differentiation:
HCs =

Λ−s  B as − 12 < s < 0;
BMOA  BMOA as s = 0;
HMs  Q1− 2s
n
as 0 < s < 12 ,
where  stands for isomorphism. As a simple application of Theorem 3.1, we obtain the structure
assertion on Qp below.
Corollary 3.2. Let s ∈ (−12 , 12 ) and f ∈ H(Bn). Then the following statements are equivalent:(i) f ∈ Q1− 2s
n
.
(ii) For any t > max{0,−s}, |Rα,t f (z)|2(1 − |z|2)2t−2s−1dν(z) belongs to CM1− 2s
n
.
(iii) Rα,s f ∈ HCs.
Proof. The argument is similar to follow from Theorem 3.1. 
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3.2. Atomic decompositon. Atomic decompositions for the Bloch space, BMOA and Qp (with
fractional order p) have been obtained in [36], [37] and [42, 33], respectively. This observation
plus Corollary 3.2 suggests us to find an atomic decomposition for HCs. To do so, let
β(z, ω) = 1
2
log 1 + |ϕz(ω)|
1 − |ϕz(ω)|
be the Bergman distance between z and ω in Bn, where
ϕz ∈ Aut(Bn) with ϕz(0) = z & ϕz(z) = 0.
Suppose r > 0 and z ∈ Bn, the set
B(z, r) = {ω ∈ Bn : β(z, ω) < r}
is called a Bergman metric ball centered at z. Given an N ∈ Z+. A sequence {ak} ⊂ Bn is called an
r-lattice in the Bergman metric if {ak} has the following properties:
• Bn = ∪kB(ak, r).
• The sets B(ak, r/4) are mutually disjoint.
• Each point z ∈ Bn belongs to at most N of the sets B(ak, r/4).
• β(ai, a j) ≥ r2 for all i , j.
By [54, Theorem 2.23], we can select an N ∈ Z+ such that for any 1 < r ≤ 1 there is an r-lattice
{ak} ⊂ Bn. For a ∈ Bn we write δa to denote the unit point-mass at the point a.
Lemma 3.3. Assume s ∈ (−12 , 12) and b > n − s.(i) Let {ak} be an r-lattice as described above. If {ck} is such a complex sequence that
∞∑
k=1
|ck|2(1 − |ak|2)n−2sδak
belongs to CM1− 2s
n
, then
f (z) =
∞∑
k=1
ck
(1 − |ak|2)b
(1 − 〈z, ak〉)b
is an element of Q1− 2s
n
.
(ii) If f ∈ Q1− 2s
n
, then there exists an r-lattice {ak} ⊂ Bn (as described above) and a complex
sequence {ck} such that
f (z) =
∞∑
k=1
ck
(1 − |ak|2)b
(1 − 〈z, ak〉)b ,
and
∞∑
k=1
|ck|2(1 − |ak|2)n−2sδak
belongs to CM1− 2s
n
,
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Proof. Let
dµ =
∞∑
k=1
|ck|2(1 − |ak|2)n−2sδak .
Case 1: 0 ≤ s < 12 . This ensures p = 1 − 2sn ∈ (n−1n , 1]. So, the decomposition assertion under
this case follows from [33, Theorem 1].
Case 2: −12 < s < 0. Under this situation, one has that Q1− 2sn coincides with the Bloch space B
which, according to [54, Theorem 3.23], consists of the following functions
f (z) =
∞∑
k=1
ck
(1 − |ak|2)b
(1 − 〈z, ak〉)b ,
where {ck} ∈ l∞. Hence, it suffices to prove that {ck} ∈ l∞ if and only if
∞∑
k=1
|ck|2(1 − |ak|2)n−2sδak
belongs to CM1− 2s
n
. In fact, if
{ck} ∈ l∞ & dµ =
∞∑
k=1
|ck|2(1 − |ak|2)n−2sδak ,
then ∫
Bn
(1 − |ω|2)n
|1 − 〈z, ω〉|2n−2s dµ(z) =
∞∑
k=1
|ck|2 (1 − |ak|
2)n−2s(1 − |ω|2)n
|1 − 〈ak, ω〉|2n−2s
.
Given ω ∈ Bn. Using [54, Lemma 2.24] or the subharmonicity of
f (z) = (1 − 〈z, ω〉)2s−n,
we have
|1 − 〈ak, ω〉|2s−2n . (1 − |ak|2)2s−n
∫
B(ak,r)
(1 − |z|2)−1−2s
|1 − 〈z, ω〉|2n−2s dν(z),
whence getting
(1 − |ak|2)n−2s
|1 − 〈ak, ω〉|2n−2s
.
∫
B(ak ,r/4)
(1 − |z|2)−1−2s
|1 − 〈z, ω〉|2n−2s dν(z).
Since Bn = ∪kB(ak, r/4), an application of the last estimate implies
∞∑
k=1
(1 − |ak|2)n−2s
|1 − 〈ak, ω〉|2n−2s
.
∫
∪kB(ak ,r/4)
(1 − |z|2)−1−2s
|1 − 〈z, ω〉|2n−2s dν(z)
.
∫
Bn
(1 − |z|2)−1−2s
|1 − 〈z, ω〉|2n−2s dν(z)
. (1 − |ω|2)−n
where [38, Proposition 1.4.10] has been used. Consequently, if {ck} ∈ l∞, then
sup
ω∈Bn
∞∑
k=1
(1 − |ω|2)n(1 − |ak|2)n−2s
|1 − 〈ak, ω〉|2n−2s
. 1,
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which shows µ ∈ CM1− 2s
n
.
On the other hand, if µ ∈ CM1− 2s
n
, then an application of Lemma 1.2 yields {ck} ∈ l∞ via
|ck|2 . sup
ω∈Bn
∫
Bn
(1 − |ω|2)n
|1 − 〈z, ω〉|2n−2s dµ(z) . ‖µ‖
2
CM1− 2sn
.

Lemma 3.4. [54, Proposition 1.14] If α and t are two real parameters such that neither n + α nor
n + α + t is a negative integer, then
Rα,t
(
1
(1 − 〈z, ω〉)n+1+α
)
=
1
(1 − 〈z, ω〉)n+1+α+t ∀ ω ∈ Bn.
With the help of Lemmas 3.3-3.4, we discover the following atomic decomposition.
Theorem 3.5. Suppose s ∈ (−12 , 12 ) and b > n.(i) If {ak} ⊂ Bn is an r-lattice as described above and {ck} is a sequence in C such that
∞∑
k=1
|ck|2(1 − |ak|2)nδak ∈ CM1− 2sn ,
then
f (z) =
∞∑
k=1
ck
(1 − |ak|2)b
(1 − 〈z, ak〉)b ∈ HC
s
.
(ii) If f ∈ HCs, then there are an r-lattice {ak} ⊂ Bn (as described above) and a complex
sequence {ck} such that
f (z) =
∞∑
k=1
ck
(1 − |ak|2)b
(1 − 〈z, ak〉)b with
∞∑
k=1
|ck|2(1 − |ak|2)nδak ∈ CM1− 2s
n
.
Proof. (i) If
˜b = b − s & c˜k = ck(1 − |ak|2)s,
then 
˜b > n;
|c˜k|2(1 − |ak|2)n−2s = |ck|2(1 − |ak|2)n.
Note that
∞∑
k=1
|ck|2(1 − |ak|2)n−2sδak ∈ CM1− 2sn ⇒
∞∑
k=1
|c˜k|2(1 − |ak|2)nδak ∈ CM1− 2sn .
So, an application of Corollary 3.2 and Lemma 3.3(i) derive
f (z) =
∞∑
k=1
ck
(1 − |ak|2)b
(1 − 〈z, ak〉)b =
∞∑
k=1
c˜k
(1 − |ak|2)˜b
(1 − 〈z, ak〉)˜b+s
= Rα,s

∞∑
k=1
c˜k
(1 − |ak|2)˜b
(1 − 〈z, ak〉)˜b
 ∈ HCs.
(ii) Suppose f ∈ HCs, then Theorem 3.1 is used to imply Rα,−s f ∈ Q1− 2s
n
. According to Lemma
3.3(ii), there exist an r-lattice {ak} ⊂ Bn and a complex sequence {c˜k} such that
Rα,−s f (z) =
∞∑
k=1
c˜k
(1 − |ak|2)˜b
(1 − 〈z, ak〉)˜b
,
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where
˜b > n − s &
∞∑
k=1
|c˜k|2(1 − |ak|2)n−2sδak ∈ CM1− 2sn .
Let
b = ˜b + s & ck = c˜k(1 − |ak|2)−s.
Taking Rα,s on both sides of the last representation of Rα,s f , and using Lemma 3.4, we get
f (z) =
∞∑
k=1
ck
(1 − |ak|2)b
(1 − 〈z, ak〉)b .

4. Associated Gleason problem
4.1. Canonical example and growth. For α > 0, let Bα denote the α-Bloch space of holomor-
phic functions f in Bn with
‖ f ‖Bα,∗ = sup
z∈Bn
(1 − |z|2)α|∇ f (z)| < ∞.
In particular, B1 is just the classical Bloch space B in Bn. Further, Bα becomes a Banach space
equipped with the norm | f (0)| + ‖ f ‖Bα,∗.
Example 4.1. For s ∈ (−12 , n2] and a ∈ Bn, let
fa(z) = (1 − |a|
2)n−s
(1 − 〈z, a〉)n .
Then this function is regarded as a canonical example of HCs in the sense of:
sup
a∈Bn
‖ fa‖HCs < ∞.
Proof. When s = n2 , the assertion is well-known; see [54, Theorem 4.1.7]. Hence, it remains to
handle the case s ∈ (−12 , n2). It is easy to calculate
|∇ fa(z)| ≈ (1 − |a|
2)n−sa¯
|1 − 〈z, a〉|n+1 .
Thus, for any ω ∈ Bn, Lemma 1.3 is utilized to derive∫
Bn
(1 − |ω|2)1+2s
|1 − 〈z, ω〉|n+1 |∇ fa(z)|
2(1 − |z|2)dν(z)
.
∫
Bn
(1 − |a|2)2n−2s(1 − |ω|2)1+2s(1 − |z|2)
|1 − 〈z, a〉|2n+2|1 − 〈z, ω〉|n+1 dν(z)
.
(1 − |a|2)2n−2s(1 − |ω|2)1+2s
(1 − |a|2)n|1 − ωa¯′|n+1
=
∣∣∣∣∣∣
1 − |a|2
1 − ωa¯′
∣∣∣∣∣∣
n−2s ∣∣∣∣∣∣
1 − |ω|2
1 − ωa¯′
∣∣∣∣∣∣
1+2s
. 1
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Let 
dµ(z) = |∇ fa(z)|2(1 − |z|2)dν(z);
p = 1 − 2s
n
;
q = 1+2s
n
.
Then an application of Lemma 1.2 implies µ ∈ CM1− 2s
n
via
sup
ω∈Bn
∫
Bn
(1 − |ω|2)nq
|1 − 〈z, ω〉|n(p+q) dµ(z) = supω∈Bn
∫
Bn
(1 − |ω|2)1+2s
|1 − 〈z, ω〉|n+1 dµ(z) . 1.
According to Theorem 2.2, we get
fa ∈ HCs & sup
a∈Bn
‖ fa‖HCs < ∞.

Below is the canonical growth of a function in HCs ⊆ B1+s.
Lemma 4.2. Suppose s ∈ (−12 , n2 ]. If f ∈ HCs, then
|∇ f (z)| . ‖ f ‖HCs(1 − |z|2)1+s ∀ z ∈ Bn.
Moreover, the exponent 1 + s in the last inequality is sharp.
Proof. The argument for the desired inequality is split into three cases.
Case 1. s ∈ (−12 , 0). Under this, the desired inequalty follows from [54, Theorem 7.9].
Case 2. s ∈ (0, n2). A special case of p = 2 in [11, Proposition 4.4 ] shows
| f (z)| . ‖ f ‖HCs(1 − |z|2)s ∀ z ∈ Bn.
Hence f belongs to the weighted Bergman space
L1a
(
Bn, dν1+s(z)) =
{
f ∈ H(Bn) :
∫
Bn
| f (z)|(1 − |z|2)sdν(z) < ∞
}
.
Applying [54, Theorem2.2], we have
f (z) = cs
∫
Bn
(1 − |ω|2)s f (ω)
(1 − 〈z, ω〉)n+1+s dν(ω) where cs =
Γ(n + s + 1)
n!Γ(s + 1)
Therefore, an application of [38, Proposition 1.4.10] and the last estimate derives
|∇ f (z)| ≈
∣∣∣∣∣∣
∫
Bn
ω¯(1 − |ω|2)s f (ω)
(1 − 〈z, ω〉)n+2+s dν(ω)
∣∣∣∣∣∣ .
‖ f ‖HCs
(1 − |z|2)1+s .
Case 3. s = 0. This follows from BMOA ⊂ B.
Case 4. s = n2 . The desired inequality is just the estimate for H2.
The sharpness of 1 + s follows from an application of Example 4.1 to
fa(z) = (1 − |a|
2)n−s
(1 − 〈z, a〉)n & |∇ fa(a)| ≈
n|a|
(1 − |a|2)1+s ∀ a ∈ Bn.

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4.2. Solution to the associated Gleason problem. Originally motivated by [16], we state the
general Gleason problem below:
Let X be a holomorphic function space on a domain Ω ⊂ Cn. Given a = (a1, ..., an) ∈ Ω and
f ∈ X with f (a) = 0, are there A1, ...,An ∈ X such that
f (z) − f (a) =
n∑
k=1
(zk − ak)Ak(z) ∀ z ∈ Ω ?
Interestingly, this problem is solvable in many holomorphic function spaces; see e.g. [24, 30,
53, 51] and the relevant references therein. Even more interestingly, this problem, upon being
associated with HCs, is still solvable.
Theorem 4.3. Let s ∈ (−12 , n2 ] and m ∈ Z+. Then for each α = (α1, ..., αn) obeying |a| = m there
exists a bounded linear operator Aα on HCs such that
f (z) =
∑
|α|=m
zαAα f (z) ∀ z ∈ Bn
with
∂γ f (0) = 0 ∀ |γ| = |(γ1, ..., γn)| =
n∑
j=1
γ j ∈ {0, 1, ...,m − 1}.
Proof. When s = n2 , the result follows from [54, p. 155]. Thus, it is enough to handle s ∈ (−12 , n2).
The argument is divided into two cases below.
Case 1. m = 1. The decay of |∇ f | in Lemma 4.2 derives∫
Bn
|∇ f (z)|(1 − |z|2)ndν(z) . ‖ f ‖HCs
∫
Bn
(1 − |z|2)n−1−sdν(z) < ∞.
This means
∂ f
∂zk
∈ L1a
(
Bn, (1 − |z|2)ndν(z)) for k = 1, 2, ..., n.
By [54, Theorem 2.2], we get
∂ f
∂zk
(z) = cn
∫
Bn
∂ f
∂ωk
(ω) (1 − |ω|
2)n
(1 − 〈z, ω〉)2n+1 dν(ω) where cn =
(2n + 1)!
(n!)2 .
For all 1 ≤ k ≤ n, define
Ak f (z) =
∫ 1
0
∂ f
∂zk
(tz) dt.
It is easy to see that
Ak f ∈ H(Bn)
and Ak is a linear operator. Therefore, we need only to prove that Ak is bounded on HCs for all
s ∈ (−12 , n2). To do so, note that
f (z) − f (0) =
∫ 1
0
d f
dt (tz)dt =
n∑
k=1
∫ 1
0
zk
∂ f
∂zk
(tz)dt =
n∑
k=1
zkAk f (z).
HOLOMORPHIC CAMPANATO SPACES ON THE UNIT BALL 21
So, we achieve
∇Ak f (z) = ∇
∫ 1
0
∂ f
∂zk
(tz) dt
= cn(2n + 1)
∫ 1
0
∫
Bn
( ∂ f
∂ωk
(ω)
) ( ω¯(1 − |ω|2)n
(1 − t〈z, ω〉)2n+2
)
dν(ω)dt
= cn(2n + 1)
∫
Bn
( ∂ f
∂ωk
(ω)
)
ω¯(1 − |ω|2)n dν(ω)
∫ 1
0
dt
(1 − t〈z, ω〉)2n+2
= cn
∫
Bn
( ∂ f
∂ωk
(ω)
) ( ω¯(1 − |ω|2)n
(1 − 〈z, ω〉)2n+1
) (
1 − (1 − 〈z, ω〉)2n+1
〈z, ω〉
)
dν(ω).
Since
1 − (1 − 〈z, ω〉)2n+1
〈z, ω〉
is a polynomial of z and ω, we have
sup
z, ω∈Bn
∣∣∣∣∣∣
1 − (1 − 〈z, ω〉)2n+1
〈z, ω〉
∣∣∣∣∣∣ . 1.
Hence
|∇Ak f (z)| .
∫
Bn
(1 − |ω|2)n|∇ f (ω)|
|1 − 〈z, ω〉|2n+1 dν(ω).
Note that f ∈ HCs. So, Theorem 2.2 is used to give that |∇ f (z)|2(1− |z|2)dν(z) belongs to CM1− 2s
n
.
This, along with Theorem 1.4 (by setting a = 0 and b = n + 1), shows that |Ak f (z)|2(1 − |z|2)dν(z)
belongs to CM1− 2s
n
.
Case 2. m ≥ 2. We proceed the argument by an induction on m. For m = 1, we have proved
f (z) =
n∑
k=1
zkAk f (z) where Ak f ∈ HCs.
Suppose the assertion is valid for m − 1. Then
f (z) =
∑
|α|=m−1
zαAα f (z) =
∑
α1+...+αn=m−1
zα11 · · · zαnn Aα1 ,...,αn f (z),
where
Aα1 ,...,αn f ∈ HCs.
We apply the case m = 1 with Aα1 ,...,αn f replacing f to obtain
Aα1 ,...,αn f (z) =
n∑
k=1
zkAkAα1 ,...,αn f (z).
Let Aγ = AkAα1 ,...,αn. Then Aγ is bounded on HCs. By the inductive hypothesis on m − 1, we have
f (z) =
n∑
k=1
∑
α1+...+αn=m−1
zkz
α1
1 · · · zαnn Aγ f (z) =
∑
|β|=m
zγAγ f (z).
This proves the assertion for m. 
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5. Induced Carleson problem
5.1. Solution to the induced Carleson problem. Let µ be a nonnegative Borel measure on Bn.
Denote T∞s (µ) by the non-isotropic tent space of all µ-measurable functions f on Bn satisfying
‖ f ‖T∞s (µ) = supQr(ζ)
(
r2s−n
∫
Qr(ζ)
| f |2 dµ
) 1
2
< ∞,
where the supremum is taken over all Qr(ζ) = {z ∈ Bn : |1 − 〈z, ζ〉| < r}.
Referring to [48] and its related references, we raise the induced Carleson problem for HCs as
follows:
Suppose that µ is a nonnegative Borel measure on Bn. What geometric nature does µ possess in
order that HCs embeds continuously into T∞s (µ) ?
Below is a solution of the preceding question.
Theorem 5.1. Let s ∈ (−12 , n2). Suppose that µ is a nonnegative Borel measure on Bn. Then the
identity operator I : HCs 7→ T∞s (µ) is continuous if and only if
‖µ‖CM1− 2sn = supQr(ζ)
(
µ(Qr(ζ))
rn−2s
) 1
2
< ∞ for s ∈ (−1/2, 0);
‖µ‖LCM1 = supQr(ζ)
(
µ(Qr(ζ))
rn(log 2
r
)−2
) 1
2
< ∞ for s = 0;
‖µ‖CM1 = supQr(ζ)
(
µ(Qr(ζ))
rn
) 1
2
< ∞ for s ∈ (0, n/2),
where “supQr(ζ)” means the supremum ranging over all Qr(ζ) = {z ∈ Bn : |1 − 〈z, ζ〉| < r}.
Proof. Three cases are considered below.
Case 1. s ∈ (−12 , 0). Under this situation, one has HCs = B1+s. If I is bounded, then takingf (z) = 1 we get ‖µ‖CM1− 2sn < ∞. Conversely, if ‖µ‖CM1− 2sn < ∞, then
‖ f ‖T∞s (µ) . ‖ f ‖HCs‖µ‖CM1− 2sn .
Case 2. s = 0. Under this case, one has HCs = BMOA. The desired assertion has been
verified in [34].
Case 3. s ∈ (0, n2). If I is continuous, then for any f ∈ HCs one has f ∈ T∞s (µ). Now, for any
ω ∈ Bn let
fω(z) = (1 − |ω|
2)n−s
(1 − 〈z, ω〉)n .
Example 4.1 is used to imply that fω ∈ HCs. Given a Carleson tube Qr(ζ), let ω = (1 − r)ζ. Then
r−nµ(Qr(ζ)) . r2s−n
∫
Qr(ζ)
| fω(z)|2dµ(z) . ‖ fω‖2HCs . 1.
Accordingly, ‖µ‖CM1 < ∞.
On the other hand, if ‖µ‖CM1 < ∞. Then we need to prove that I is continuous. Let f ∈ HCs.
For ζ ∈ Sn and 0 < r < 1, write
a = (1 − r)ζ & Qr(ζ) = {z ∈ Bn : |1 − 〈z, ζ〉| < r}.
By the Ho¨lder inequality, we obtain
r2s−n
∫
Qr(ζ)
| f (z)|2dµ(z) . r2s−n
∫
Qr(ζ)
| f (a)|2dµ(z) + r2s−n
∫
Qr(ζ)
| f (z) − f (a)|2dµ(z) ≡ J1 + J2.
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For J1, the decay of f found in Lemma 4.2 gives
| f (a)| . (1 − |a|2)−s‖ f ‖HCs ≈ r−s‖ f ‖HCs .
Thus
J1 . r−n‖ f ‖2HCs
∫
Qr(ζ)
dµ(z) . ‖µ‖2CM1‖ f ‖2HCs .
For J2, both ‖µ‖CM1 < ∞ and [17] are utilized to derive∫
Bn
|g(z)|2dµ(z) . ‖µ‖2CM1
∫
Sn
|g(ζ)|2dσ(ζ) ∀ g ∈ H2.
This last estimate, along with
|1 − 〈a, z〉| = |(1 − r)(1 − 〈ζ, z〉) + r| < 2r ∀ a = (1 − r)ζ & z ∈ Qr(ζ),
deduces
J2 . (1 − |a|2)2s
∫
Qr(ζ)
| f (z) − f (a)|2 (1 − |a|
2)n
|1 − 〈z, a〉|2n dµ(z)
. (1 − |a|2)2s
∫
Bn
| f (z) − f (a)|2 (1 − |a|
2)n
|1 − 〈z, a〉|2n dµ(z)
. ‖µ‖2CM1(1 − |a|2)2s
∫
Sn
| f (ζ) − f (a)|2 (1 − |a|
2)n
|1 − 〈ζ, a〉|2n dσ(ζ)
= ‖µ‖2CM1(1 − |a|2)2s
∫
Sn
| f ◦ ϕa(ζ) − f (a)|2dσ(ζ)
= ‖µ‖2CM1(1 − |a|2)2s‖ f ◦ ϕa − f (a)‖2H2
. ‖µ‖2CM1‖ f ‖2HCs .
From the estimates for J1 and J2, we know
r2s−n
∫
Qr(ζ)
| f (z)|2dµ(z) . ‖µ‖2CM1‖ f ‖2HCs < ∞,
thereby finding
‖ f ‖T∞s (µ) . ‖µ‖CM1‖ f ‖HCs ,
i.e., the identity operator I : HCs 7→ T∞s (µ) is continuous. 
5.2. Riemann-Stieltjes operator. Denote by Tg and Sg the so-called Riemann-Stieltjes operator
and the associate Riemann-Stieltjes operator with a given symbol g ∈ H(Bn), respectively:
Tg f (z) =
∫ 1
0
f (tz)Rg(tz)dt
t
& Sg f (z) =
∫ 1
0
g(tz)R f (tz)dt
t
∀ f ∈ H(Bn) & z ∈ Bn,
where
R f (z) =
n∑
k=1
zk
∂ f
∂zk
(z)
is still the radial derivative of f . It is easy to examine the following formulas:
Tg( f ) = S f (g);
Mg f (z) = f (z)g(z) = f (0)g(0) + Tg f (z) + Sg f (z);
R ◦ Tg f (z) = f (z)Rg(z).
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The Riemann-Stieltjes operators on different holomorphic function spaces have been investi-
gated in many papers including [2, 3, 1, 15, 18, 20, 34, 35, 39, 40, 45, 47, 48]. Now, as an inter-
esting by-product of Theorem 5.1, we can discover the continuity of a Riemann-Stieltjes operator
acting on HCs.
Theorem 5.2. Let s ∈ (−12 , n2), g ∈ H(Bn) and dµg(z) = (1 − |z|2)|R f (z)|2dν(z). Then:(i) Tg is continuous on HCs if and only if
‖µg‖CM1− 2sn < ∞ as s ∈ (−
1
2 , 0);
‖µg‖LCM1 < ∞ as s = 0;
‖µg‖CM1 < ∞ as s ∈ (0, n2).
(ii) Sg is continuous on HCs if and only if ‖g‖H∞ = supz∈Bn | f (z)| < ∞.
Proof. (i) The equivalence under s ∈ (−12 , 0] follows from the structure table of HCs and [31, 45].
And, the equivalence under s ∈ (0, n2) follows from using both R ◦ Tg f = f Rg and Theorem 5.1.(ii) If ‖g‖H∞ < ∞, then for any Carleson tube Qr(ζ) ⊆ Sn we have
r2s−n
∫
Qr(ζ)
|R ◦ Sg f (z)|2(1 − |z|2)dν(z)
= r2s−n
∫
Qr(ζ)
|R ◦ T f g(z)|2(1 − |z|2)dν(z)
= r2s−n
∫
Qr(ζ)
|g(z)|2|R f (z)|2(1 − |z|2)dν(z)
. ‖g‖2H∞‖ f ‖2HCs ,
whence reaching
‖Sg f ‖HCs . ‖g‖H∞‖ f ‖HCs ,
which in turn implies that Sg is continuous on HCs.
Conversely, suppose Sg is continuous on HCs. Then its operator norm ‖Sg‖ is finite. Given any
ω with 23 < |ω| < 1. Then, for any ζ ∈ Sn there exists 0 < r < 1 such that the corresponding
Carleson tube Qr(ζ) enjoys
E(ω, 1/2) =
{
z ∈ Bn : |ϕω(z)| < 1/2
}
⊂ Qr(ζ) & 1 − |ω|2 ≈ r.
When z ∈ E(ω, 1/2), some calculations show
ν(E(ω, 1/2)) ≈ (1 − |ω|2)n+1;
|〈z, ω〉| & 1;
1 − |ω|2 ≈ 1 − |z|2 ≈ |1 − 〈z, ω〉| ≈ r.
Choosing the test function
fω(z) = (1 − |ω|
2)n−s
(1 − 〈z, ω〉)n ,
and using Example 4.1, we gain
sup
ω∈Bn
‖ fω‖HCs < ∞.
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Since |g|2 is subharmonic in Bn, one has
|g(ω)|2 . (1 − |ω|2)−n−1
∫
E(ω,1/2)
|g(z)|2dν(z)
. r2s−n
∫
E(ω,1/2)
|g(z)|2(1 − |z|2)2n−2s+1
|1 − 〈z, ω〉|2(n+1) dν(z)
. r2s−n
∫
E(ω,1/2)
|g(z)|2|〈z, ω〉|2(1 − |z|2)2n−2s+1
|1 − 〈z, ω〉|2(n+1) dν(z)
. r2s−n
∫
Qr(ζ)
|g(z)|2|R fω(z)|2(1 − |z|2)dν(z)
. ‖Sg( fω)‖2HCs . ‖Sg‖2.
This, together with the maximum modulus principle, ensures ‖g‖H∞ < ∞. 
In light of Theorem 5.2, the pointwise multipliers of HCs can be readily determined as a unifi-
cation of the well-known results in [11, 31, 52]
Corollary 5.3. Let s ∈ (−12 , n2), g ∈ H(Bn) and dµ(z)g = (1 − |z|2)|R f (z)|2dν(z). Then Mg is
continuous on HCs if and only if
g ∈ HCs as s ∈ (−12 , 0);
‖g‖H∞ + ‖µg‖LCM1 < ∞ as s = 0;
‖g‖H∞ < ∞ as s ∈ (0, n2).
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